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Abstract
Under the assumption of symmetric four zero texture for fermion mass ma-
trices in SO(10) model, the neutrino Dirc mass matrix is derived from the
up-quark mass matrix. By adjusting two scales of the Majorana mass sector,
we can derive observed neutrino two large mixing angles very naturally. It is
indeed remarkable that all the masses and mixings of neutrinos are expressed
in terms of only three known parameters, mt,mc,mu. A typical example of
our model is
tan2 2θτµ =
4
(1− 2 mc√
mumt
)2
.
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Recent neutrino experiments by Super-Kamiokande [1, 2] and SNO [3] have con-
firmed neutrino oscillations with large mixing angles:
sin2 2θatm > 0.83 (99% C.L.),
tan2 θsol = 0.24− 0.89 (99.73% C.L.), (1)
with mass squared differences of
∆m2atm ∼ 2.5× 10
−3 eV2, (2)
∆m2sol ∼ 5× 10
−5 eV2. (3)
The neutrino mixing angles are expressed by MNS matrix [4] which is written as
VMNS = U
†
l Uν , (4)
with Ul and Uν being the unitary matrices which diagonalize the 3×3 charged lepton
and neutrino mass matrices, Ml and Mν ,
U
†
l M
†
l MlUl = diag(m
2
e, m
2
µ, m
2
τ ), (5)
U †νM
†
νMνUν = diag(m
2
νe
, m2νµ, m
2
ντ
), (6)
respectively. Here the left-handed neutrino mass matrix is expressed in terms of
right-handed Majorana neutrino mass matrix,MR, and Dirac neutrino mass matrix,
MνD ,
Mν =M
T
νD
M−1R MνD . (7)
If we restrict ourselves to the case in which such large mixings are naturally derived
without fine tuning, the origin of each of the large mixing angles, θµτ and θeµ, must
be due to either Mν or Ml.
In this paper, we show that these two large mixing angles can be derived from
symmetric four zero texture within the SO(10) GUT framework. We assume the
following textures for up- and down-type quark mass matrices at the GUT
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scale [5], ‡
MD =


0
√
mdmsmb
mb−md 0√
mdmsmb
mb−md ms
√
mdmb(mb−ms−md)
mb−md
0
√
mdmb(mb−ms−md)
mb−md mb −md


≃ mb


0
√
mdms
mb
0
√
mdms
mb
ms
mb
√
md
mb
0
√
md
mb
1

 (8)
MU ≃ mt


0
√
mumc
mt
0
√
mumc
mt
mc
mt
√
mu
mt
0
√
mu
mt
1

 ≡ mt


0 a 0
a b c
0 c 1

 . (9)
As for MD it is well known that each elements of MU and MD is dominated by the
contirbution either from 10 or 126 Higgs fields, where the ratio of Yukawa couplings
of charged lepton to down quark are 1 or −3, respectively. More concretely the
following option for MD (Georgi-Jarlskog type [6])
MD =


0 10 0
10 126 10
0 10 10

 , (10)
is known to reproduce very beautifully all the experimental data of mτ , mµ, me as
well as mb, ms, md [7, 8]. On the other hand, MU is related to MνD , which is not
directly connected to neutrino experiments no definite configuration has been found
so far. Here we show the following option reproduces two large mixings at the same
time,
MU =


0 126 0
126 10 10
0 10 126

 , (11)
‡Here we neglect the CP phases, since they have little effect on the final result. The simple
expressions Eq. (8) and (9) are derived by using mu << mc << mt, md << ms << mb.
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which uniqely determines neutrino Dirac mass matrix as
MνD = mt


0 −3a 0
−3a b c
0 c −3

 . (12)
For the right-handed Majorana mass matrix, to which only 126 Higgs field couples,
we assume the following option consistently with MU :
MR ≡ mR


0 r 0
r 0 0
0 0 1

 . (13)
Then from Eq. (7), we get
Mν =


0 a
2
r
0
a2
r
−2ab
3r
+ c
2
9
− c
3
(a
r
+ 1)
0 − c
3
(a
r
+ 1) 1


9m2t
mR
. (14)
Since the order of the parameters in the above Eq. (14) are a << b ≤ c << 1, we
recognize that the first term of the 3-2 element, −3ac
r
, must be of order 1 in order to
get large mixing angle θµτ , so we here take
r ≃
ac
3
≃
√
m2umc
3
√
m3t
∼ 10−7. (15)
This is almost the same situation as discussed by Kugo, Yoshioka and one of the
present authors [9]. This tiny value of r is very welcome [9]; the right-handed
Majorana mass of the third generation must become of the order of GUT scale
while those of the first and second generations are of order 108 GeV. This is quite
favorable for the GUT scenario to reproduce the bottom-tau mass ratio.
Up to here the situation is quite trivial in a sense; one arbitrary parameter r
has been chosen so as to reproduce the large mixing angle θµτ . Now the problem
is whether it naturally reproduces another mixing angle θeµ. At this stage we have
no arbitrary parameter to adjust the mass ratios or mixing angles. Under such
3
condition, Mν is approximately written as
Mν =


0 −3a
c
0
−3a
c
2b
c
−1
0 −1 1


9m2t
mR
≡


0 β 0
β α −1
0 −1 1


9m2t
mR
, (16)
with α = 2b
c
= 2mc√
mtmu
and β = −3a
c
= −3
√
mc
mt
. Since β << α ∼ 1, we first
diagonalize the 2 × 2 matrix of the 2-3 block of Eq. (16) by rotating the following
angle
tan2 2θµτ =
4
(1− α)2
, (17)
through which Mν is deformed as follows

0 β 0
β α −1
0 −1 1

 →


0 β cos θµτ β sin θµτ
β cos θµτ λ2 0
β sin θµτ 0 λ3

 , (18)
with
λ3 =
α + 1 +
√
(α− 1)2 + 4
2
(≃ λτ ), (19)
λ2 =
α + 1−
√
(α− 1)2 + 4
2
. (20)
Then we further diagonalize the 2×2 matrix of the 1-2 block of Eq. (18) by rotating
θeµ:
Mν →


λe 0 β sin θµτ cos θeµ
0 λµ β sin θµτ sin θeµ
β sin θµτ cos θeµ β sin θµτ sin θeµ λτ

 , (21)
with the rotating angle
tan2 2θeµ =
(
2β cos θµτ
λ2
)2
, (22)
and mass eigenvalues
λµ =
λ2 +
√
λ22 + 4β
2 cos2 θµτ
2
, (23)
λe =
λ2 −
√
λ22 + 4β
2 cos2 θµτ
2
. (24)
4
Finally we get the following approximate form for the rest small rotating angle,
sin θe3 =
2β sin θµτ cos θeµ
λτ
. (25)
Leaving details in a separate paper [10], we demonstrate how we can predict neu-
trino masses and mixings; all the neutrino information are determined in terms of
mu, mc, mt as
tan2 2θµτ ≃
1
(1− 2mc√
mumt
)2
, (26)
tan2 2θeµ ≃
9mc
mt(1−
2mc√
mumt
)2
, (27)
sin θe3 ≃ −3
√
mc
mt
sin θµτ cos θeµ, (28)
from which the following equations are derived
tan2 2θeµ ≃
9mc
mt
tan2 2θµτ , sin
2 θe3 ≃
9mc
mt
sin2 θµτ cos
2 θeµ. (29)
This indecates that tan2 2θeµ is smaller by a factor
9mc
mt
than tan2 2θµτ . Intersting
enough is that once we know the atmospheric and solar neutrino experiments, Ue3 is
predicted without any ambiguity coming from the up-quark masses at GUT scale;
sin2 θe3 ≃
tan2 2θeµ
tan2 2θµτ
· sin2 θµτ cos
2 θeµ, (30)
which is independent of the uncertainty especially coming from the value, mt, at
GUT scale.
Next the neutrino masses are given by
mντ ≃ λτ ·
m2t
mR
, mνµ ≃ λµ ·
m2t
mR
, mνe ≃ λe ·
m2t
mR
, (31)
where the renormalization factor (∼ 1
3
) has been taken account to estimate the
lepton masses at low energy scale. Since λµ << λτ ∼ O(1), this indeed yields
mR ∼ 10
16 GeV, as many people require. On the other hand, mνµ is expected to
become almost of the same order to mνe as is seen from Eq. (31).
Let us make some numerical calculation. We take the values of mt, mc, mu at
GUT scale obtained by Fusaoka and Koinde [11];
mu = 1.04
+0.19
−0.20 MeV, (32)
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mc = 302
+25
−27 MeV, (33)
mt = 129
+196
−40 GeV. (34)
Among them mt is the most sensitive parameter. Fig. 1 and Fig. 2 show the depen-
dence of the resultant values of θµτ and θeµ on mt, respectively. From Fig. 1 mt is
found to be larger than 90 GeV and from Fig. 2 the lower bound is mt = 170 GeV.
With this bound for mt (170− 320 GeV) we can predict the values of Ue3,
Ue3 ∼ 0.03− 0.045. (35)
from Fig. 3. We hope this can be checked by experiment in near future JHF-Kamioka
long-base line [12], the sensitivity of which is reported as |Ue3| ≃ 0.04 at 90 % C.L..
If we further expect Hyper-Kamiokande (|Ue3| < 10
−2) [13], we can completely check
whether such symmetric texture model can survive or not. In conclusion we list a
set of typical values of neutrino masses and mixings at mt ≃ 240 GeV;
sin2 2θµτ ∼ 0.95− 1, (36)
tan2 θeµ ∼ 0.23− 0.6, (37)
Ue3 ∼ 0.037− 0.038, (38)
mντ ∼ 0.06− 0.07 eV, (39)
mνµ ∼ 0.003− 0.006 eV, (40)
mνe ∼ 0.0007− 0.0015 eV, (41)
with mR = 2 × 10
15 GeV and rmR = 10
8 GeV, which correspond to the Majo-
rana mass for the third generation and those of the second and first generations,
respectively.
Remark that, once the scale of right-handed Majorana mass matrix, r, is deter-
mined so as for the mixing angle of atmospheric neutrino to become maximal, the
same vale r well reproduces the ratio of the mass differences ∆m2µτ to ∆m
2
eµ.
We add two comments. First, one might suspect that we may always reproduce
any desired neutrino mass matrix by adjusting the parameters appearing in MR,
namely we can take MR = MνDM
−1
ν M
T
νD
. However this is not actually true if the
mass matrix MU is of such hierarchical structure as those coming from the famous
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anomalous U(1). We shall show this in a separate paper [10], where other options of
Eq. (11) are fully investigated to confirm that only the option adopted in this paper
can reproduce the two large mixing angles. Second, our scenario is quite differnt
from those starting from the assumption that the large mixing angles observed in
neutrino oscillation data comes from the charged lepton mass matrix; one might
predict some relations of neutrino mixing angles to down quark information [14], but
we would no more predict the absolute vales of neutrino masses, which indeed needs
the information of Mν . Our scenario, if it is indeed true, can predict without any
ambiguity even for the order-one coefficients. The remarkable results are obtained
really thanks to the power of GUT.
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Figure 1: Calculated values of sin2 2θµτ versus mt. The parameter region of mt
at GUT scale is within the allowed uncertainty. The horizontal line indecates the
experimental lower bound for atmospheric neutrinos.
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Figure 2: tan2 θeµ as function of the top quark mass, mt. The parameter region of
mt is taken within the uncertainty ofmt at GUT scale. The horizontal lines indicalte
the experimental allowed regions for solar neutrinos.
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Figure 3: Predicted values of Ue3 versus mt at GUT scale within uncertainty. The
vertical line indicates the point mt = 170 GeV.
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